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SECONDARY FLOWS IN ANNULAR CASCADES AND EFFECTS ON FLOW IN
INLET GUIDE VARES

By Seymour Liéblein and Richerd H. Ackley

SUMMARY

An snalysis of the flow across an annular cascade of axial-flow
inliet guide vanes was conducted in order to evaluaste the role of sec-
ondaxry flows in causing discrepancles between design and observed
veloclty dlagrams. A qualitative dlscussion of the general nature of
the secondary flows within the passages of stationsry annuisr cas-
cades wilth radial design varliations of circulation is presented for
both the end-wall boundary-layer regions and the central potentiel-
flow regions of the blade pessage. Deviatlions from ideal mean outlet
flows (as determined on the basis of blade-element performance) were
shown to exlst in the potential-flow reglon of the vanes because of
conditions imposed by the end-wall boundaries, the displacement of the
well boundary-layer surfaces, and the irrotationaiity requirement. As
e consequence of the existence of nonmuniform radial flows across the
blade specing In the actual flow through cascades, it may not generally
be possible to obtain any arbitrarily specified design varlation of
turning angle along the radial height of a blade row.

Quantitative evaluabtions of the variation of the actual mean flow
leaving & row of ilnlet gulde vanes were obtained by the method of
slingularities in which a distributlion of vorticity directly proportional
to the ideal circulation variation of the design was superimposed on
the ideal blade-element f£flow. Induced turning-angle deflections were
calculated from the induced velocities of the superimposed vortex
system. With the use of an empirically determined correlation factor,
good agreement was obtalned between calculated and experimental radial
variations of turning angle for several conventlonal inlet guide vanes
for which accurate blade-elemernt turning-angle deslign deta were aveail-
gble.

INTRODUCTION

The existence of secondsxy flows within the pessages of blade
rows ls recognized as having an lmportant effect on the performance of
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axial-flow compressors snd turbines (references 1 and 2). The term
"secondary flow" is generally used to represent deviations of the
actual flow from distributlons determined on the basis of the perform-
ance of Individual blade elements. Secondary flows in a cascade of
blades arise primarily from the effects of blade twist and end-wall

boundeary layers.

The effects of secondary flows on the performance of a series of
blade rows may be classified into Two general types: The first effect
appears as & direct or inherent loss due to the gbsorption of energy
from the through flow in oxder to produce the secondary motions and
due to the partial dlssipation of this energy by viscous action. The
second effect is an indirect or matching loss due to the deviations
from design values of the direction and magnitude of the veloclties
leaving one blade row and entering the next. The magnitude of the
inherent loes depends on the strength of the secondary flows, as repre-
sented by the vorticlty of the motlons, and upon the degree to which
the asgsoclated energy is recovered as useful energy. Total-pressure
losses arising from secondary flows in a two-dimensional cascade are
shown in reference 3; and 1in references 4 and 5 a considerable portion
of the losses in axial-flow compressors at design conditions is attri-
buted to induced drag.

The problem of secondary flows in rectanguler curved passages and
cascades of alrfolls has been investigated on the basis of both airfoll
theory (references 3, 6, and 7) and channel theory (references 8 and 9).
In the airfoll-theory approach, induced drag and angle deflectlons are
calculated from considerations of the tralling vorticity associated with
spanwise variations of circulation (blade loading). References 3 and 6
present analyses of induced effects at the blade midspan on the basis
of the assumptlon that the blade 1ift falls off in the wall boundary-
layer regions and glves rise to a tralllng vortex system of the con-
ventional horseshoe form. In reference 7, a continuocus solution and
a continuous vortex sheet expressed in terms of a Fourler serles are
treated. All developments are based on rectangular cascade flow, and
no experimental verification of the accuracy of calculated induced
deflections slong the length of the span of a blade is presented.

The airfoll-theory approach, which is based on the concept of
the similarity of the trailing vortex systems of isolated and cascade
airfoils, can be recognized to contain seversl disadvantages. The
general nature and strength of the trailing vorticity in the blade
end reglons (well boundary-layer regions) of cascade airfolls are
not definitely known, and there exlsts some question concerning the
valldity of the usual relations among blade 1ift, circulation, and
treiling vorticity in the end regions of cascade airfoils. The airfoil
approach, in addition, is Incepable of presenting a detailed@ plcture
of the physical nsture of the flow at polnts within the passage between

blades.
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Solutions for the flow within blade passages of cascades have been
obtained by means of the channel-theory approach. From considerations
of the flow in curved channels with laerge inlet boundary layers, it is
shown in references 8 and 9 that secondary clrculations will occur in
the outlet flow because of a type of gyroscopic effect on the inlet
boundery-layer vorticlty as the sir is turned by the passage. According
to the results of these references, this type of secondary flow is
restricted to the regions along the blade in which the entering veloclity
is nonuniform in profile along the span. For cascades with relatively
thin wall boundery layers, however, no information concerning the flow
in the central region of the cascede where the inlet total pressure is
uniform is obtalned from this approeach.

Cascade configurations containing thin wall boundary layers are
frequently found in axial-flow-compressor research and design; the
principal exaemples are the two-dimensional blade-testing tunnels, the
inlet guide vanes of multistage units, and the flrst rotor row of com-
pressors without 1lnlet gulde vanes. An investigation of secondary fiows
in inlet guide vanes reported herein was made at the NACA Iewis labora-
tory to evaluate, by means of theoretlcal analysis and experimental
correlation, the role played by secondary flows in causing discrepancies
between design and observed velocity disgrems, and to present an epproxi-
mate method of predicting the variatlion of the actuasl mean flow along
the spen of conventionsl axlsl-flow iniet gulide veanes.

A qualitetive discussion of the general nature of the secondary
flows within the passages of stationary annular cascades is presented
for both the end-well boundery-lisyer regions and the central potential-
flow regions of the blade passage. From considerations of the con-
ditions imposed by the end-wall or casing boundsrles, the spanwise
displacement of the wall boundasry layers, and the irrotationality
requirement, it is shown that secondery flows must exist in the
potential-flow regions of the blades. These devliations from the ideal
mean through flows (calculated on the basis of blade-element performance)
are due primarily to the effects of variations of spanwise velocity
across the spacing between blades.

Quantitative evaluations of the variation of the actual mean flow
along the span of cascade blades were obtalned by the -method of singu-
larities, in which a distribution of vorticity related to the blade
design was superimposed on the ideal blade-element flow of the cascade
to correct for the effects of flnite casing boundaries and wall
boundary layers. Induced turning-angle deflections were calculated
from the induced effects of the superimposed vortex system. Calcula-
tions were made for six axial-flow guide vanes in smmular cascade. From
a comparison of the theoretical and experimental air turning angles, a
correlation factor wes obtalined for the theoretical induced turning
angle that resulted in good agreement between the theoretical and experi-
mental turning angles eslong the span of the blade for sll cases.
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QUALITATIVE ARALYSIS

The fiow at the inlet to axial-flow inlet guide vanes 1s usually
characterized by relatively thin boundary layers at the end walls and
a reglon of substantially constant total pressure over the greater
portion of the blade height. TFor purposes of analysis, therefore, the
cascades considered will be divided into two regioms: & boundary-layer
reglon at the end walils end a potential-flow region over the remainder
of the blade height. Cascades with passages of constant inner and
outer radius and with no blade end clearance are assumed.

Boundary-layer Region

For an appraisal of the secondary circulations existing in the
wall boundary regions of cascades of airfoils, recourse is made to the
results of references 8 and 9. In these papers, the vorticlty perallel
to the flow at the outlet of cascades, to a first spproximaetion for
parallel inlet flow, 1s shown to be given by

£ = - 2(08) & ‘(1)

where AR is the ailr turning angle and dV/dx 1s the gradient of the
veloclty distribution along the span in the inlet boundery layer (inlet
vorticity) at the blade ends. (For convenience, all symbols used herein
are defined in appendix A.) The secondary circulation assoclated with
this vorticity appears as shown by the streamlineg of the secondary
flow in figure 1(a), where the circulstory velocity in the center

of the reglon is zero. Although equation (1) was derived for rectangular
cagcades and included the assumptions of negligible viscous forces (as
would be the case with large boundary layers) and fixed total-pressure
surfaces es the fluid passes through the cascade, this general type of.
motion must exist in the case of annular cascades with relatively thin
boundary layers and where some distortion of the boundary-layer surfaces
occurs. Becsuse of this circulatory flow, 4 marked variation in the
mean turning angle of the fluld would be expected across the boundary
layer with an underturning near the free stream and an overturnling near
the wall. This increasse in turning angie at the blade ends hes been
well established experimentally (references 1 and 3, for example), thus
confirming the direction of the secondary flows. A typical example of
an experimental turning-angle varlation in a two-dimensional cascade

is shown in figure 1(b).

In addition to the circulatory flow illustrated in figure 1(a),
considerations of the pressure gradlents between blade surfaces reveal
(references 10 and 11) that a deflection of the through-flow streamlines
in the boundary-layer regions will occur toward the wsall near the

.1
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pressure surface of the blade and away from the wall near the suction
surface. As shown in figure 1(c), this distortion of the boundary-
layer interface gives rise to g thickening of the boundary layer on
the suction surface and a thinning of the boundary layer on the
pressure surface.

The deflection of the streamlines in the boundary-layer regions
is expleined by the followlng considerstions: The centrifugal force
arising from the curved motion through the cascade passage creates a
difference in pressure from pressure to suction surface that persists
across the relatively thin boundary layers to the end walls. The
pressure gradient normal to the direction of the streamline ds is
very closely given by

dp y2 @)

ds r.

where V and r, are the free-stream velocity and radius of curvature,
respectively, in planes parallel to the side walls at the boundary-layer
interface (fig. 1(d)). As the velocity is decreased within the boundary
layer, tle reduced kinetic energy of the flow becomes insufficient to
balance .he imposed pressure gradient, and a deflection of the flow
toward the suctlon surface results; that is, r, must be reduced.

The streamline deflection is greatest, of course, adjacent to the walls
where the velocitlies are smallest. As & result of this deflection, the
turning engle increases as the wall is spproached and the boundary-
layer flow is displaced toward the blade suction surface. The same
result of an increase in turning angle in the boundary layer at the
walls was obtained in reference 12;from an analysis of turbulent
boundary layers in three-dimensionsl flow.

The displacement phenomenon in ennular cascades 1s probably some-
what more complex than in rectangular cascades because of the addi-~
tional effecte of radial displacement of the main body of fluid due
to radisl pressure equilibrium requirements, and of possible radial
displacement of the boundary lsyers on the blade surfaces toward the
hub due to the radial centrifugal force field. Experimental evidence
of the wall boundary-layer displacement toward the blade suction
surfaces 1s given in references 3 and 13; typical examples are shown
in figures I{e) and 1(f) of this report. The principal general effects
of the secondary flow in the wall boundary-lsyer regions are thus
tendencies towerd underturning near the free-stream side and over-
turning near the end walls, and & thickening of the wall boundary
layers toward the suction surfaces.
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Potential-Flow Region

Over the main portion of the cascade channel, the inlet vortilcity
is zero (constant tobal pressure and temperature) and therefore no
complete circulestory motions occur in the outlet flow in this region;
that is, the fluld rewalns irrotational. Mathematicslly, for flow in
an anmuler passage, the irrotationality condition requires that in a
plane normel to the axis, )

B(rVe) BVI.
S = 38 (3)

Although equation (5), strictly speaking, applies locally to a peint in
the fluid, the relation is used to obtain an estimate of the mesn flow
between blades by considering equation (3) to represent cilrcumferen-
tially averaged conditions. Thus on the average, for any radial varie-
tion of whirl rVg, a specific variation in radial velocity must exist

across the spacing from blade surface to blade surface.

Free-vortex bleding. - For the case of perfect compressible flow
across a free-vortex cascade (without wall boundary layers), radial
pressure equilibrium requires that s radial displacement of the flow
occur toward the tip across the blade row. Thus within the passage
between blades, radisl components of veloclty outward toward the tip
casing generally exist. At the same time, boundsry conditions require
that the radlal veloclty at the walls at hub and tip be zero. It 1s
posslble, however, for the radial velocity to vary aslong the radius
with constant magnitudes across the spacing and thus meet the irro-
tationality requirement for this {type of blading that the tangential
gradient of V., be zero at all points$ as shown in figures 2(a) and
Z(b). Constan% clrculation slong the radius mey therefore be obtalined
from free-vortex blading in the absence of wall boundary layers. Radial
velocity outward toward the tip and tangential velocity from pressure
surface to suction surface are consldered positive.

In an actual fluid where end-wall boundery layers are present,
however, the displacement of the boundary layer itowerd the blade suction
surface results in opposite radial displacements of the main body of
the fluid over the pressure and suction surfaces of the blade. As
1llustrated in the exaggerated plan view of figure 3(a) for the case
of equal average boundary-layer thickness at inlet and outlet, the
radlal motion 1s outward toward the walls at the pressure surface and
inward away from the walls at the suction surface (see photographs in
reference 1). For cascades *in which the average boundasry-layer thick-
ness at the outlet ie greater than that at the inlet, the radial
deflections introduced by the wall boundary layers will be more
pronounced over the suction surface of the blades, as illustrated in
figure 3(b). '
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In any particular cascade, the resultant radial motion at points
within the bilade pessages is the combination of the radisl flows due
to the wall boundsery-layer displacement, the prevailing radial flows
arising from the requirements of radial pressure equilibrium, and the
possible radial motions of the blade surface boundary layers.

Because of the radial motion introduced by the well boundary
leyers, V, 1is not constant acroses the spacing as shown in figure 4(a),
and as & consequence the whirl rVg cannot remain constant along the

redius. With the tangentilal gradient of V, positive on the left
side of the channel and negative on the right, rVé must decrease from

the midspan of the passage to the boundary layers (fig. 4(b)). The
blade circulation and air turning anglie, being functions of the outlet
whirl, will likewise tend to decrease from the center of the passage

to the boundary layers compared with the variations for perfect blade-
elenent flow. The complete variation of mean air furning engle slong
the radial height of a free-vortex cascade sppears as shown in fig-

ure 4(c). Figures 4(d) and 4(e) illustrate the radial velocity and
whirl components for a decelerating cascade. A similer radial variation
of turning angle is to be expected for staggered cascedes. A typlcal
example of an experimental radisl vaeriation of ailr turning angle across
a conventional free-vortex turbine-inlet nozzle obtalned from refer-
ence 20 is illustrated in figure 4(f).

In general, the deviations of the actual flow from the idesl blade-
element flow in free-vortex cascades with wall boundary leyers can be
obtained from the superposition of the ideal through flow and an
apparent secondary flow of the type shown in figure 4(g). The second-
ary velocities are strongest along the boundary-layer interface and
adjacent to the walls, and & complete circulatory streamliine path of
the secondary flows exists only in the boundsry-~layer regions.

Variable-circulation blading without wall boundery lsyers. - In
many cases, Iinlet guide vanes are designed to produce outlet rotations
involving a varistion of circulation along the radius (such as constant
turning, constant tangential veloclty, or wheel-type dilagrams). TFor
such designs, according to equation (3), the radial velocity is no
longer constant across the spacing and the compatibility of prescribed
circulaticn veriations and corresponding radis]l wvelocities must be
investigated. _As an i]lustration of the secondary flows arising in
this type of blading, a gqualitative analysis of the flow across a
cascade designed for radielly constant outlet tangential velocity will
be made. .

For a cascade with constant tangential veloclty along the radius,
from equation (3), on the average
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o(rvg) IV
S; — = 55 = constant (4)

and the radial veloclty must vary approximately linearly across the
spacing. Inasmuch as the whirl increases with radius, the absolute
megnitude of the radial velocity (which is negative) on the pressure
surface will be greater than on the suction surface, and the required
varlation of radiel wvelocity will eppear as 1in figure 5(a). The mean
radiel displacement is toward the hub for thie type of blading. Con-
gider the case of no wall boundary layers: Along the inner and outer

walls,

iastz

Vp =0

and
ovV./36 = 0 .

Furthermore, inasmuch as the radial velocity must vary continuocusly

throughout the flow passage between blades, some radisl distance 1is

required before the radial velocity can attaln its regulred tangential -
variation. - There exists, therefore, a region near the walls in which

the clrcumferentlal variation of V,. is less than the value required

for a lineer increese in rV, (fig. 5(b)). In the blade end regionms, '
therefore, the required circulation gradient cannot be maintained and

the gradlents will approach zero values at the walls, as illustrated in

figure 5(c). In any particular cascade, the magnitude of the deviation

of the actual circulation will depend upon many factors, such as the

geometry of the cascade (blade shape, solidity, aspect ratio, and so

forth) and the blade loading. A three-dimensional analysis of the flow

through cascade passages may be required for a complete point-to-point

solution across the passage.

The radial variation of sir turning angle across the cascade 1s
generally similar in form to the circulation variation, and, therefore,
an underturning in the tlp region and an overturning in the bhub region o
of the blades would be expected (fig. 5(c)). This type of turning-
angle deviation applies generally to all forms of radislly lincreasing
design circulation gradients, where the exact form and magnitude of the
deviations depend upon the cascade and the form and maegnitude of the
design circuletion gradient. Similarly, if a radially decreasing
variation of circulation were prescribed; an overturning in the tip
region and an underturning in the hub region would result, as shown in _ .o
figure 5(d). Thus, as & consequence of the effects of the boundary -
conditions imposed by the end walls, it is not generally possible to
achieve any arbitrary design verlation of turning angle along the span
of cascade blades, evén-in the absence of wall boundary leyers. In all
cases, the trend of the actusl turning-angle variation 1is in the _

3
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direction of a decrease in the magnitudes of the turning-angle gradients
in the end reglons of the blades.

Varlsgble circulation blading with wall boundery layers. - When
boundary lsyers are present along the end walls of cascades with veriable
circulation blading, radial motions in addition to those arising from
the requirements of radial pressure equilibrium are superimposed on
the main body of the flow. These additional radisel motions arise from'
the distortion of the boundary-layer interface as the £Iiuid passes
through the cascede. As previously indicated, these radial displace-
ments are relatively outward toward the wells near the pressure surface
and inward away from the walls near the suction surface. The additiocnal
radial flowe introduced by the wall boundary-layer displacement are
shown in figure 6(a) for the illustrative cascade with radially increas-
ing design circulstion. Near the tip region of the blade, the radial
veloclties imposed by the boundsry-lsyer distortion will tend to
decresse the gradient of the radisl velocity across the passage
(fig. 6(b)). According to eguation (3), therefore, a smaller radial
gradient of whirl can be maintained in this region, and a further reduc-
tion in ecirculgtion and turning angle will result. In same cases, 1f
the boundary-layer displacement ls pronounced and the radisl circula-
tion gradient is small, the sign of JOVy/06 may be reversed and the
circulation may actuslly decrease as the boundery lsyer is aspproached
(as, for example, the limiting case of free-vortex flow, fig. 4(f)).

In the hub region of the blade, the radial velocities associated
with the boundery-layer displscement tend to increase the value of
OV,./d8 across the spacing (fig. 6(c)}) and permit a larger radial
variation of whirl to be maintained. The turning angles in the hub
region will therefore decrease compared with the magnitudes without
wall boundary layers in the direction of the original design veariation.
The complete radial varilation of turning angle in a cascade with wall
boundary layers and radislly increasing design circulation would there-
fore appeasr as shown in figure 6(d). For radially decreasing circu-
lation, the reverse trend would occur in the potential-flow region.

In an actusl cascade, the real flow is considerably more complex
than the somewhat simplified concept of the flow given here. For
example, the existence of flow separation, shocks, blade-end clearance
with leskage flows, or radlal displecements of the boundary lsyers along
the blade surfaces mey impose further radisl motions on the main flow
that will to some extent alter the gqualitative results obtalned in the
preceding analyses. Although the existence of a tapering of the
annulus passage in the axisl direction will increase the magnitude of
the mean radial motions, the blade-to-blade gradients of V,, and the
general secondary-flow picture will not be materislly affected by con-
ventional hub or shroud tapers. For conventional unstallied subsonic
inlet guide vanes with small end clearances, the secondary-flow effects
ag presented herein should predominate.



10 KNACA RM ES1G27

In figure 7 are presented exsmples of the experimental varliation
of air-turning angle along the radius of typical inlet gulde veanes
designed for both radially increasing and redially decressing circu-
lation. For the vane with radially decreasing circulation, the turning
angles in the tip region are very small and therefore the tip boundary-
layer displacement is likewise small. The measured turning-angle .
variation in this region thus approaches the trend anticipated for the
case of a cascade without well boundery layer (fig. 5(d)).

Tralling Vorticity

In the preceding sections, secondary flows were shown %o exist
within the passages of annular cascades when veriations of radial
velocity exist across the blade spacing. When the flow leaves the blade
paessgages, these unequal radial velocities on the blade pressure and
suction surfaces form surfaces of discontinuity or shear surfaces in
the wakes; thils formation corresponds to the formation of a sheet of
trailing vortices. The strength of the trailing vorticlty at any
radial position depends on the magnitude of the radial velocity dif-
ference across the blade wake at the trailing edge. The qualitative
variations of trealling vortlcity along the radial helght of a cascade
are estimated to appear as shown in figure 8 for the various types of
blading considered. Counter~clockwise rotation is taken as poslitive
vorticity. In all cades, because of the venishing of the radial
velocities at the walls, the trailing vorticity at the walls ls zero.
The potential induced losses will exhibit corresponding veriations
(proportional to @bsclute magnitude of ﬁ), and will generally be
greatest near the hub region for blades with radialliy increasing design
circulations and near the tip region for blades with radlally decreasing
design circulations.

The boundary requirement of zero trailling vorticity and nonzero
values of 1ift (as determined by surface pressure distributions) at
the ends of cascede blades, constitutes a significant dlifference
between the end flows of isolated and cascade airfolls. The assumptlon
of the complete reduction of 1ift in the boundery-layer regions and the
subsequent formation of trailing vorticlty based on this 1lift gradient
(as in references 3 and 6) is therefore not representative of the
actual flow in cascades. For exsmple, accordling to the concepts of
references 3 and 6, the trailing vorticity in the bourndary-layer region .
attains its meximum magnitudes as the casing wall is approached, whereas
the true trailing vorticlty tends to vanish. It is also apperent that
the usual relations among 1ift, circulatlon, and trailing vorticity are
no longer valid in thke end regions of cascade blades when wall boundary
layers are present.

o
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QUANTITATIVE ANALYSIS
Method of Singularities

The problem of obtaining quantitative methods of evaluation of the
secondary flows 1n cascades appeare quite complex because of the three-
dimensional neture of the phenomenon in both the potential-flow and
wall boundary-layer regions. As an gpproach to the problem, refer-
ences 3, 6, and 7 make use of the method of singularities in which a
trailing vortex field (normally assoclated with the flow ahout isolated
alrfoils) was employed to calculate the induced downwash behind the
cascade. This method contains an apperent anomaly, however, In that
the direction of the induced welocities must be reversed in order to
obtain the correct change in circulatlion and turning angle compared
with the two-dimensional or blade-element values.

The eapproach of this report presumes that actual radial variations
of air turning angle at the outlet of annular cescades can bhe satis-
factorily spproximated by applylng corrections to the ideal turning-
angle variation as determined from considerations of the performance of
individual blade' elements. The method involves the superposition on
the ideal flow of a vortex system paraliel to the flow in the plane of
the blades to correct for the effects of the casing boundaries and the
well boundary layers.

Because of the approximate nature of the method, for simplicity
the entire ocutlet flow is assumed to leave the blade row exially and
the cascade blades are assumed to be replaceable by lifting lines of
varisble strength, as indicated in figure 9(&). Corrections to the
ideal mean (ecircumferentially averaged) blade-element flow are
cbtained from consideration of the induced velocities associated with
the superimposed vorticity and are calculated in the plane of the blades.
It is also presupposed that empirical correction factors will be neces-
saxry to correlate calculated and experimental results satisfactorily.

Flow without wall boundary layexr. - The method is demonstrated by
considering the 1llustrative case of blading designed to produce &
linearly increasing circulation along the radius. At first, ideal
flow acrosz a Linite number of blades in an ennulus of zero inner radius
and infinite outer radius is conslidered. For the cese of radially
increaging circulation, & constant circumferential difference in radial
velocity 1s obtained over the blade surface as shown in figure 9(b).
The vorticity corresponding to this ideal radiasl-velocity difference is
designated the 1deal infinite-flow vorticity of the blade. When the
blading is conflined between finite annuler boundaries, however, the
radial velocities at the boundsries must vanish. As previously indi-
cated, as a consequence of the vanishing of the radial wvelocities at.
the walls, the trailing vorticity at the boundaries vanishes
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(fig. 8(b)); and in the sbsence of wall boundery layers, en overturning
in the hub region and an underturning in the tip region occur

(£ig. 5(c)).

The satisfactlon of the given conditions can be accomplished, to
a first epproximation, by superimposing & distribution of vorticity on
the ideal infinite-flow vorticity of the blede between the casing
boundaries. A first type of superimposed vortex distribution might
attempt to duplicate the true trailing vorticity of the cascade, as
shown in figure 9(c). The superimposed vorticity is equal in magni-
tude but opposite in rotatlon to the ideal infinite-flow vorticlty of
figure 9(b) at the walls and rapidly decreases in strength away from
the walls. The net vorticity will then appear as in figure B(b). As
shown in figure 9(c), the induced velocities assoclsted with the supexr-
imposed vortex distribution will tend to produce an overturning in the
hub region and an underturning in the tip region.

A superimposed vortex distribution of the type shown in figure 9(c)
will be very difficult to esteblish quantitatively as a general proce-
dure because of the absence of a usable relation between the particular
blade design and the vortex distribution. An alternste vortex distri-
bution schieving the equivalent induced effects can be cbtained,
however, by relating the superimposed vorticity directly to the 1ldeal
(blade-element) circulation distribution along the entire radius; that
is, by employing a vortex distribution equal in strength but opposite
in rotationel direction to the 1deal infinite-flow vorticlity at all
points along the radius. The vortex system and its induced velocities
are shown in figure 9(d) for the illustrative case of linearly increasing
circulation. Thus, in a similar manner, the superimposed vortex system
can be readily determined for any type of design veloclty diagram and
corresponding imduced velocities can be calculated.

Flow with wall boundary layers. - It was previously shown that
wvhen wall boundary layers are present, a reduction in turning angle
from midspan to the well boundary layers and an increase in turaning
angle across the boundary layer toward the walls cccur with respect to
the ideal turning-sngle veriation. This secondary-flow effect can be
approxlimated from the Induced velocltles of a circular vortex located
in each boundary-layer reglon, as shown in figure 9(e). The diameter
of the core of the circular vortex ls roughly of the order of magnitude
of the thlckness of the boundary layer., Inasmuch as the boundary-layer
gecondary-flow effect was Indlcated to be a function of the turning
angle at the boundary-layer Interface, for simpllclty the strength of
the superimposed boundary-layer vortex cores 1ls taken to be proportional
to the magnisude of the clrculatlon at the boundary-layer interface.
Thus, the complete superimposed vortex system for the annulus chammel
1g obtained from the addition of the vortices in figures 9(d) and 9(e),
where as shown in figure 9(f) for an arbitrary radial variation of
clrculation of slops dIYdr (counterclockwise rotation taken as

positive),
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The corresponding trend of variation of the turning angles as obtained
from the induced velocities of the superimposed vortex system is
illustrated in figure 9(g) for the case of radially increasing circu-
lation.

In order to completely satisfy the boundary conditions along the

linner and outer walls of the annulus, a system of vortex images must

be established outside these walls so that the component of induced
velocity normel to the wall aiong the entire surfaces is reduced to
merc. For any line vortex at radilus r on one side of a circular
boundery of radius 1y, the induced velocity normal to the surface

of the boundary will be zero if a vortex mirror image of equal strength
and opposite rotation is imagined to exist on the opposite side of the
wall at a distance rHZ/f (reference 14). For an anmilar passage, a
cyclic image system results with an infinite nmumber of images extending
out toward infinity outside the annulus, and an infinite mumber of
imsges bunching up toward the center on the inside of the annulus
(reference 15). A partial view of the annulus and imaege vortex system
for a guide-vene cascade as seen looking upstream from a point behind
the vane is shown in figure 10. The boundary-layer circular vortices
are indicated by the lasrger asrcs and the main-span vortex sheets are
indicated by the smaller sarcs.

Induced Turning Angle

Basic equations. - The total induced veloclty at a point along
the veane lifting line depends upon the contributions of the two types
of trailing vortex that have been established; namely, the boundary-
layer circular vortices and the main-span vortex sheet. The velocity
induced outside the core at & semi-infinite circuler vortex at
radius r (Pig. 11) at a point located at radius rp, in en annular
cascade is given by (reference 16)

%= o | (5)

gnd the component normsl to the plane of the vane is

An = iEE sy '{5 (6)
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or, for induced velocities directed downward in figure 11 (in the
direction of turning) as positive values,

rp - r.cos €
4x EZ - KZf)rp CoB € + rpﬂ

where € 1is the angle between the plane' of the vane containing the
vortex and the plane of the vane containling the point investigated.
Equation (7) is valid, to a first approximation, to compressible as
well &8 incompreseible flow (reference 17). For the vortex sheet,
between the boundary-layer limits

(M

Qn="

=g
ar
= (rP - r cos €)dr

(8)

U = = 7=
a 4x r2 - (21:')1'P cos € + r}?2
Th*dy

At a given point P along the span of a cascade vane (fig. 11),
the total normal indiced velocity is obtained by summing up the contri-
butions of all the annulus and image line and sheet vortices in the plane
of a vane for s8ll vanes in the cascade. Because of the spproximate nature
of the development, correction factors will be necéssary for experimental
correlation, so that, in general,

N-1 k=t
7€
q__ﬁg E Ph[l”p‘dhk°°s(3‘ﬁ‘]
n 4x 2 b 2
T -Zd_hkr COB@_)"'dhk
30 I P P N »
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where

C1,Cs arbitrary correction factors

-k represents kﬁh vortex image in inner wall
+k represents kﬁh vortex image In outer wall
J integer

N  number of vanes in cascade

The vortlices of the vanes within the annulus are designeted by k=0
and the vane containing the point P, called the primary vane, is
characterized by J=0.

Inasmuch es vanes equally spaced gbout the primary vene will
contribute equally to the induced veloclty at P, equation (9) can
be expressed as

51
Z(qnhs o+ 230> (ol (100

=l k=-es-

for an odd number of vanes, and for an even number of vanes,

E {qn)k j=0 * (an)x, j:—}'l' 2 E E (e, (100)

J=1 k=-eo
The induced turning angle i then obtained (fig. 11) from

1%
L7 (11)

2

where V2 is the ideal cascade outlet velocity determined from the

blade-element turning angles. For simplicity, equal correction factors
for the vortex cores and vortex sheet are assumed; furthermore, the
single correction factor now called the correlation factor is spplied
directly to the turning angle so thet

AB; = C ten ™t == v (12)
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[

where gq, is determined from equation (9) for C; =C,y = 1.

Approximate solution. - An exact solution of equation (9) or (10)
for an arbitrary varistion of circulation along the main span would be
extremely complex and lengthy. In view of the simplified nature of the
vortex system end the consideration that the induced velocity at a
point is affected principally by the vortex system of the primary vane
and the vortices close by, an approximate and relatively simple solution
of equation (9) was obtained by considering only the imsge vortices
immediately adjacent to the annulus walls end only a few vanes on both
sides of the primary vane. Thie procedure 1s equivalent to the mathe-
matical condition that a series of the form af equation (9) converges
rapidly. In reference 15, a similar type of induced velocity summation
is found to be repidly convergent. The reduced vortex system used in
the solution was teken to comnsist of: (1) the two boundary-layer vortex
cores and the main-span vortex sheet of the annulus van#s, and (2 the

. . 2 /3 :
first hub and tip image vortex cores (1ocated at Ty /dh and Ty /dt’

respectively). The upper value of J in equation (10) was arbitrarily
set at 3, giving the inclusion of the effect of seven v?nes. The error
involved in neglecting the remainder of the vortices, whose contribution
repldly diminishes as the distance from P 1s increased, will be
assumed to be absorbed by the empirical correlation fagtor. From equa-
tion (9), therefore, with the correction factors equal to 1,

+3 | 7, 2
h 2r)
) rp 4y cos (284) *p- <q) cos (T) _}
I‘ + .

W= I *| zp7-2, =, cos S YN _ rpa'z(%ﬁ)rp - (?%é +(£Lz>j

=0 Ty
2
T rp'd'b cos (-2—1’;-‘—1-) ) rp- (-;—E—) cos (2—1’;41) .
’ er_za-b " °°F (%)-thz rpz'z (;tﬁ)rp cos (2_,1?') * (-;%2-)2
X~B .
() [sp2 cos (22)] e
r:;-2rppr cos (2%3) + rz (15)

Tty
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Inesmuch as the main-span circulation variation i1s determined from
design flow conditions in evalusting the integral term of equation (13) 3
it was assumed that the varistion of cilrculation along the radial height
of the vane can be represented by a persbolic relation, such that

-

T=2r2+br+c (14)

0|

%:Er/ +75) . (15)

Substituting equetion (15) in equation (13) and integrating yield,
2nj .

with cos T= £,

. NG

+3 [ -
1 = Tpfd
W= > | e
T - dhrp-ﬁy,.
4 UL
AP |
s\‘?&ll) /"‘-/\_Ahj ’
% rp-fd_t
Pt a 2L - 2"~
rpl-2faraa’
i el

=SS A 2 2

£eial ri -8;) -2r f{r.-8.)+r
—% l f(ngrp—!-b)-"_érP 1n ( t t)z D (ry-84) PZ
e b R -ZrPJf.‘_(rh+5h)+rp

g

(Zfarpﬂ:l_)_- 1-f
where again,

ap = (apd o + 22 (g, " @
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Inesmuch as the well boundary-layer thickness generally varies
from blade inlet to outlet, the boundary-layer thickness used in the
calculation was obtained from both inlet and ocutlet values es

5=8; -3 (5, - 8) (18)

The distance from the wall to the axie of the boundary layer vortex
cores was set as

1
e=%8 (19)

1
G = Ty + 3 B (202)
and
= 1 20b)
d_t—-r.b-g 4 (

For a given inlet-gulde-vane cascade with the radial variation of
circulation approximated by a parabollic equation and the hub and tip
boundary leyers known or prescribed, sll quentities in equations (16)
and (17) ere determined. Thus, the normal induced velocity at points
elong the radiasl height of the vane can be calculeted by means of
gimple mmerical computatlions.: The acltual turning angle is then
obtained from

LB = DB + DBy (21)

where OB, 1s the blade-element turning angle at each vane section.

NUMERICAL EXAMPLES
Veane Desligmns

The induced veloclty analysis was conducted for two types of axlial-
flow-compressgor inlet-gulde wvane: (l) vanes with NACA 65-serles camber
lines and with constant chord and hub radius, and (2) vanes with
clrcular-arc camber lines and with varying chord length and hub radius
ecross the vanes. Calculations were also made for a turbine-inlet
nozzle. Examples involving these three vane configurations were chosen
because of the availabillty of design turnhing-angle data (references 18,
19, and 20, respectively). Detalled identification data for the various
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vane designs investigated are presented in table I. Vanes A and B were
designed for supersonic-compressor application and vanes C, D, and E,
for conventional subsonlic-compressor designs.

Experimental turning-angle dsta for the compressor-inlet guide
vanes were obtained for the most part from unreported investigations.
The compressor guide vanes were Investigated as separate components
in induction-type snnular cascades of constant outer diameter and with
bellmouth inlet. The turbine-nozzle turning-angle data were obtained
from blades mounted in & sector of an annular cascade as reported in
reference 20. The axial distance from the inlet face of the bellmouth
and the nose of the inlet hub section to the gulde-vane leading edge
varied from approximetely 14 to 20 inches for all vanes.

The investigations were conducted with amblent Inlet air; the
flow at the inlet vanes was substantially uniform and axial in all
cases, and the angle of the air leaving the blade row was taken as the
air turning angle. Outlet-air angles were measured by claw-type
instruments for designs A through E and by & pitot-type instrument
for design F, and were circumferentially averaged at each radial posi-
tion. Absolute accuracy of the measured angle is estimated to be

i3/4 and the relative accuracy from point to point is believed to be
within +1/4°.

Calculations

Generel procedure. - The calculation of the induced and actual
turning angles for a given guide-vane cascade was based upon the
determination of blade-element flow conditions. Blade-element flow
conditions were obtained from comsideration of the cascade vane as &
series of individual elements, and represented the variation of
velocity and circuleation elong the radial heilght of the veane corre-
sponding to the blade-element turning angles. The blade-element
turning angles used in the analysis depended on the nature of the
available design date relating the air turning engle with the geometric.
characteristics of the particular type of gulde vane investigated.

For a given blade profile, in most cases the available design data had
to be corrected to take into account the differences between the cas-
cade configuration and flow conditlons of the wvane row lnvestigated,
and the cascade configuratlion end flow conditlons of the vanes from
which the original design deta were obtained. The element turning-
angle corrections consisted principally of angle adjustments for dif-
ferences in inlet Mach number (compressibility) and radial displacement

of the flow due to hub taper.
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The principal steps involved in the determination of the actual
mean flow across inlet gulde vanes were therefore associated with the
calculatlion of the following quantities:

(1) Corrected blade-element turning angle ~

8612

(2) Blade-element circulation and outlet velocity -

(3) Induced velocity and turning angle (from equations (12), (16),
and (17))

(4) Actusl turning angle (from equation (21))

Detalls of the element corrections to the design date are glven 1n the
sections for the different types of vane considered. Equations for the
calculation of outlet velocity and circulation for a given radlal veri-
ation of turning angle are presented in appendix B.

The annulus boundary-layer thicknesses at hub and tip were deter-
mined from experimentel total-pressure distributions whenever avallable.
In cases where experimental boundary-layer date were unavalleble, the
average thickness at both hub and tip was taken as 0.06 of the blade
height for the designs with low hub-tip ratio (0.5 to 0.6) and as 0.08
of the blade height for the designs with high hub-tip ratio (0.7 to .
0.8). These approximate retio values were obtained from previous
surveys of the performsnce of conventional bellmouth inlet sections.

From the celculated variation of blade-element circulation and the
average boundary-layer thicknesses, the magnitudes of the cilrculations
at the limits of the boundary leyers (I'y and T';) were determined
(fig 9(f . The determination of the constants a and b for the
best parabolic curve representing the blade-element circulation then
completed the quantities required for the calculation of the induced
velocity (equations (16) and (17)).

Vanes with NACA 65-seriesg camber lines. - Design turning-sngle data
for inlet guide vanes wilith NACA 65-series mean lines were obtalned from
reference 18. The design data were obtained for essentially incompres-
sible flow, and inesmuch as the design inlet Mach number of the subject
vanes was 0.6, a compressibility correction to the original deslgn data
was necessgary. The compressibility correction was made according to
the method of reference 21. Inasmuch as the design data of reference 18
were obtained for conditions of essentially incompressible flow and
constant axial velocity across the cascade, equation {13) of refer-
ence 21 was used for the compressibllity correction. Values of axial-
velocity ratio V l/VZ 2 along the vene height at the given inlet Mach

number were calculated accordlng to the method of eppendix B uslng the .
design turning sesngles.
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Vanes with circuler-arc camber lines. - Design turning-angle data
for the constaent-thickness circular-arc guide vanes were obtained from
reference 19. Inasmuch as the vanes investigeted were set in convergent
pessages, the straight-line rule for convergent annuli of reference 19
was used for the deslgn data. The blade-element corrections for hub
taper and varisble chord length aspplied to the design rule are dis-
cussed in deteail in sppendix C.

Turbine nozzle. - The blade-element turning-angie variation for
the turbine nozzle was teken directly from the design outlet angles as
glven in reference 20.

lss. ~ The various turning angles calculated when
determining the mean actual turning angle of inlet guide vanes
(steps 1 to 4) are illustrated in figure 12, with vanes B and D as
examples. The induced fturning angles were celculated at six radisl
positions rp glong the height of the vanes between the boundary
layers; at points 0.13 to 0.15 inch from the limits of the boundary
layers, and at points measured from the vane mean radius at locatlions
epproximately 0.45 and 0.85 of the distance between the mean radius and
the outermost rP locaetions. Induced turning angles at rP stations

closer than aspproximately 0.13 inch from the boundary layers were not
believed to be reslistic velues because of the tendency of the calcu-
lated induced velocities, as given by equations (16) and (17), to
gpproach infinite magnitudes at the boundary-layer 1imit. The actual
turning angles in the boundary-layer reglons were therefore extrapo-
lated to indicate the trend of the variation as determined from con-
siderations of the secondary flows and the directions of the induced
velocities in the boundary-layer regions. Theoretical induced turning
angles in the boundary-layer regions were calculated for vane F at the
axes of the clrculer vortices in order to substentiate the qualitative

trends.

RESULTS AND DISCUSSION

Experimental correlation. - Theoretical velues of induced turning
angle without a correction factor were first calculated for the various
guide vanes investigated. From & comparison of calculated and experl-
mental radial variations of mean turning angle, it was found that good
agreement between calculated and observed results could be obtained
with the use of & constant correlation factor of 0.42. The calculated
variastions of actual turning angle along the radial height of the vane

‘for the six guide-vane designs investigated are shown in comparison with

observed velues in figure 13 for thls correction factor. The original
design data turnling angles and induced turning angles sre also shown
in figure 13.
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An example of the radiel veriastions of theoretical axlal and tan-
gential velocity resulting from the calculated actual turning angles
for vane C is shown in comparison with design and experlmental values
in figure 14. The axiel and tangential veloclities for the design and
actual cases were calculated according to the method of sppendix B for
the same flow-area contraction and polytropic efficlency. Design and
theoretical total veloclties were practically the same.

With the use of the empirically determined correlation constant,
the induced velocity analysis presented herein can be used wlth good
accuracy as a method of calculating the actual mean flow across similar
inlet guide vanes when relisble turning-asngle design data (two-
dimensional. cascades and so forth) are available. In all examples,
however, the radial variastion of deslgn axial velocity from hub to tip
was relstively small (no greater than 17 percent). The method as pre-
sented therefore mey not necessarily produce results of equivalent
accuracy for cases of large design axial-velocity gradienis without
suitable modification of the blade-element turning angles.

Rotor-iniet conditions. - The theoretical effect of guide-vane
secondary deflections on the inlet flow relastive to a succeeding row
at deslgn tip speed was investigated for vanes C and E. Alr 1nlet
angles and velocities relative to the rotor were calculated on the
basls of gulde-vane design date and actual turning angles are shown in
comparison with experimental values 1in figure 15. Despite the large
secondary deflectlions 1n the guide-vane outlet flow, the design and
calculasted relative Inlet angles are very simllar in both trend and
megnitude. At high vealues of design relatlive inlet angle, if little
change occurs in the magnitude of the &bsolute inlet velocity, changes
in guide-vane outlet angle result in-very smell chenges in rotor rela-
tive inlet angle. As can be seen from considerations of rotor wvelocity
dlagrems, rotor relative inlet angles (and consequently rotor-blade
angle of attack) become more sensitive to gulde-vene induced deflec-
tlons as the magnltudes of the design relative inlet angles are
reduced. For exemple, for vane E, 1f the rotor inlet angle is reduced
from 65° to 50° (by reducing the wheel speed), the maximum difference
between the relative inlet angle as calculaeted from design turning data
and the relative inlet angle as obtained from calculated actual turning
angles increases from a velue of somewhat less than 1°© to a value of 2°.
Thg corresponding meximum difference for vane C wes increased to .
2% at an average relative inlet angle of 270! For relative inlet

engles near 0°, the magnitudes of the rotor induced inlet-angle deflec-
tion approach those of the guide vane Induced outlet-angle deflections.

The principal effect of the theoreticsl guide vane secondary flows
on rotor-iniet conditions at design rotor speeds appears, as shown in
figure 14, as & change in the magnitudes of the design inlet velocities.

8612 ; .
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For large guide-vane induced deflections, these velocity changes mey
cause significant vearliations in rotor-inlet Mach number and therefore
energy transfer and diffusion. In addition, the existence of trailing
vorticity shed downstream of the guide vanes when secondary flows occur
mey have & significant effect on the flow distributions through the
rotor. Rotor-entrance conditions cannot be considered irrotational.

Correlation factor. - The induced-deflection correction factor of
0.42 found necessary to correlate satisfactorily the absolute magni-
tudes of calculated and observed turning angles of the various guide
vanes tested indicates an apparently large degree of error in the
repregentation of the true secondary flows by means of a super-
Imposed correction vortex system. Although the simplification of the
cascade configuration, the partisl summations, and the location of the
boundary-layer line vortices have some infiuence on the magnitude of
the calculated induced velocities (fig. 16, for example), the excessive
induced deflections obtained from the calculation are due primarily %o
the unknown proportionality relation between the true vorticity in the
boundary-layer regions and the vorticity assumed by the method. In
the potential-flow reglon of the vanes, the induced velocities asso-
ciated with the vortex sheet as calculated approach infinite magnitudes
at the ends of the sheet (at the wall boundery 1é&ers), and consequently
require some "principal-value" correction. For similar types of non-
exact vortex-theory analysis, therefore, it may be desirable to exercise
caution ir epplying the values of induced velocities obtained directliy
from the theoretical developments in the absence of experimental corre-
lation. The need for empirical correction fectors for use with the
theoreticel induced velocity expressions of the isolated airfoil
approach is recognized in reference 22. It is quite probable that
the required correlation factor mey very for cascades with widely
different geometries (solidity, spacing, and aspect ratio) or for
different arrangements of the superimposed vortex system. Further
investigation would be necessary to establish the limitations of the
method.

CONCLUDING REMARKS |

Secondary flows or deviations of the actuasl flow from distri-
butions determined from conslderations of blade-element flow were
shown to exist in conventione]l annulsr cascades of inlet guide vanes
with end-wall boundery layers. 1In the wall boundasry-lsyer regions,
the secondary flows were characterized by a tendency toward under-
turning near the free-stream side of the boundary layer, toward over-
turning near the end walls, and by a displacement of the wall boundery
layers toward the suction surfaces of the blades. Over the main portion
of the flow (potential-flow region), the secondary flows were explained
on the basis of the existence of radial variations of the difference
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in radisl velocity from blade to blade and the requirements of irro-
tationality. Nonuniform radial velocities were shown to arise from the
boundary conditions imposed by the end wells and the thickening of the
wall boundery layers over the suctlon surface.

When large radial gradients of circulation are prescribed, the
effects of the secondary flows, exclusive of considerations of the wall
boundary layers, are such as to cause & reduction in the magnitude of
the gradients near the blade erds; that is, the flow tends to approach
the free-vortex condition. The wall boundary layers always tend to
reduce the magnitude of the circulastion and turning angle as the
boundary layers are approached. For vene designs approachling wheel-
type outlet rotations, the induced deflections in the tip region of the
vanes become especially pronounced. In general, 1t is unlikely that eny
arbitrarlly specified design variation of turnlng angle can be obtained
along the entire radiel height of an anmilar cascade.

Reductions 1n the secondary flows in inlet guide vanes are always
desirable in compressor and turbine design in order to minimize the.
induced losses in the vene end regions. ©Secondary flows can be reduced
to a large extent through reductions in the thickness of the annulus-
wall boundary lsyers (£i%. 17). Reductions in boundary-layer thickness
can be accomplished by careful design of the annulus inlet section and
by boundary-layer removal. Methods of boundary-layer removel, however,
are costly and rather difficult for inlet guide vanes. For designes with
lerge radial gradlemnts of design circulation, wall boundary-layer

removal will not be effective ‘in eliminating the effects of the vortlcity

in the central region of the vanes. For such cases, information con-
cerning the magnitudes of guide-vane induced losses is necessary in
order to evaluate properly the net benefit obtained fram the attempted
establishment of such design gradients. : .

It is also probable that the geometry of the cascade configuretion
selected to produce a given velocity diagram exerts an influence on
the megnitude of the secondary losses, for the megnitudes and gradients
of the radial velocities will be affected by such factors as chord
length, cesmber, thickness, and spacing.: For example, an examination
of the terms for spanwise velocity in current boundary-layer secondary
flow theory reveals that (within.the assumptions of the theory) for
fixed flow conditions, the gradient of spanwise velocity across the
blade spacing decressges with increasing spacing. It 1s therefore con-
ceivable that for a given blade height and design velocity diagrsm,
there may exist an optimum combination of blede camber, solidity, and
aspect. ratio that results -in minimum over-all losses. '

The existence of trailing vorticity behind the gulde-vane row
when secondary flows are present means that the flow entering the
succeeding rotor row cannot truly be considered .irrotationsl.
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However, 1t 1s not known to whet extent the usual values of guide-
vane trailing vorticity will affect the flow and vorticity distribu-

tions through the rotor and succeeding stages.

As far as blade-row mismatching due to secondary-flow deflections
is concerned, in general, the effects of inlet-guide-vane induced f£lows
on the inlet velocity dlagrams relative to a succeeding rotor row,at
design conditions do not sppear to be as marked as the induced effects
on the guide-vane-outlet flow itself. For conventional conservative
compressor and turbine designs, the relative induced deflections may
not be sufficiently serious to warrant adjustments in the design of the
rotor row. For high-performance stages operating at high levels of
blade loading and Mach mumber or for rotors with reletively low stagger
angles, however, the secondary flow deflectione in the blade end regions
mey approech significant magnitudes. In such cases, when the inlet-
guide-vane design involves elther relatively large msgnitudes or large
radial gradients of turning or both, it may be desirable to affect
adjustments in the guide-vane or rotor design 1n order to account for
the velocity diegrem distoritions.

A reletively simple method of correction, so far as a design pro-
cedure is concerned, is to adjust the guide-vane design to compensate
for overturning or underturning - as the case may be - in the reglons
of the vene where such deviations are anticipated. For guide-vane
designs similar to those investigated, the calculation method presented
can be religbly used to obtain an evaluation of the induced deflections
and required adjustments. Adjustments of this nature, however, further
increase the magnitudes and gradients of the design circulation, which
result in further increases in the secondary flows &nd losses. The net
gain involved in the adjustment is therefore questionghle and cannot be
evaluated untll en indication of the induced losses is obtained. In
addition, alteration of the design circulation in one region of a vane
wil]l affect the induced velocities in all regions of the vane. The
problem therefore is quite complex and would require further investi-
gation before any relisble recommendations could be made.

Lewis Flight Propulsion laboratory,
National Advisory Committee for:Aeronsutics,
Cleveland, Ohijo.
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APPENDIX A
SYMBOLS

The following symbols are used in this report:

A . anmilus area
a,b,c constants
C,Cl,C2 correlation or correction factor
d radlal distance to axis of boundary-layer vortex core
e distance from annulus wall to axls of boundary-layer
vortex core
f cos € = cO8 2nJ
N
"H total enthalpy
h normal distance between point and vortex axis
Jsk integers .-
K contraction coefficient
M Mech number
N number of vanes in cascade
n polytroplc exponent
4 point at which induced veloclty is calculated
D static pressﬁre L L . .
q induced velocity
r radius
s entropy
8 direction normal to streamline

T absgolute temperature
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v velocity

b 4 distance along span

z axial direction

B alr exit angle

T circulation

A change In

AB alr turning angle

o] boundary-layer thickness

€ angle between plane of reference vane and plane of vane containing
‘vortices in question, ,j%q

e circumferential direction

v angle between line from axis of rectilinear vortex to point in
plane of vane and line normel to plane of veane

¢ vorticity parellel to flow

p density

¢ camber gngle for circular-arc camber-line vane-

Subscripts:

1 cascade inlet

2 cascade outlet (measuring station)

b  ‘stresmline across vane

c curvature

a design datsa

e blade element

h hub (inner wall)

induced
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Jsk integers

m mean radlus

n normal to plane of tralling vorticity E
P point et which induced velocity is calculated _g_
T radial

t tip (outer wsall)

W boundary

z axial

e tangential L
Superscript:

! vortex images or vane tralling edge
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APPERDIX B
CALCULATION OF OUTLET VELOCITY AND CIRCULATION

The radial varietion of axiasl and tangential velocity leaving an
anmmulaer row of blades wes obtained from the radisl component of the
equation of motion given in reference 23 (equation (7d)) for steady
axlally symmetric flow neglecting terms involving viscoslty, or

ov, ov, ¥, ov,.
F-rg+ es'g’f"zr*i‘vzb"‘ (B1)

For flow across inlet gulde vanes, total enthalpy and entropy varia-
tions along the radial height caen be considered negligible, making

JEr = 0 and T gg = 0. In addition, the effect of radial accelera-

tions due to variastions of the radial velocity component can be
neglected with little error (simple radiel pressure equilibrium).
Equation (Bl) then becomes

ov, v dVg ve
s Ve s - (s2)

For guide vanes wilith exial air inlet, the axial and tangential wveloci-
ties are related through the turning (outlet) angle where

Vg =V, tan B (B3)
Substituting in equation (B2), rearranging, and reducing give

2
Gt -teapif- e p (B4)

Integrating along the radius in terms of the hub reference radial posi-
tion gives, at fixed axisl position,

v 2
1n z__ 1n CO8 B _ sin B ar
Vz,h cos By r

or
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- .
_ sinz B ar
r [
=
V2 _ cos B ™ . Q
v = cos By © (B5)
z,h h
From continuity, across the vane row
r r
1,t t
V,,1 P Ty &r) = K f V, prdr (B6)
T1,n h

where K 1s a contraction coefficient that accounts for the change in
effective flow area from inlet to outlet due to vane wakes and change
in wall boundary-leyer displacement thickness. For essentially uniform
inlet conditions, equation (B6) can be expressed es

t
2 2 -
r -Tr Vv
1,t 1l,h ) zZ p .
Va,1 < 5 =KV, y ~— r dr . (B7)

The density ratio cen be derived from the energy equation and polytropic
relation between pressure and density as

1

_ n-1 .
£ - ho- X2 1,2 Y-2-§ - 1.0 v (8)
P .. \J

1

where n is the polytropic exponent for expansion.

Thus, from equatlions (BS) and (B7), when V, n 1s determined, ell

velocity components can be calculated. The outle% veloclty and vane
circulation ere then obtained from .
Vz,h vz )
V= 2 (B9)
cos B vz,h
and T
anr
I'==+Vsinp (B10)
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For given inlet conditions and redisl variation of turning angle,
equations EBS) and (B7) were first solved using X = 0.97 and
n=1.39 corresponding to a polytropic efficiency of approximately
0.98), and assumed velues of p/pl. Values of p/pl were then com~
puted from equation (B8) for the calculated valueg of velocity obtained
from the assumed density ratios in equation (B7). The resulting values
of - p/pl were then inserted 1n equation (B7) and new values of velocity

were obtalined. In all cases, it was unnecesssry to compute V
. z,h
more than twice.
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APPENDIX C
BLADE-ELEMENT TURNING-ANGLE CORRECTION FOR CIRCULAR-ARC
VANES WITH HUB TAPER

The venes with circular-arc casmber lines used in the investigation
had variable chord length and were set in convergent annuli. Blade-
element turning engles along the radlal helght of the vanes were obtained
from the stralight-line rule of reference 19. The design rule of refer-
ence 19 was deduced from experimental data obtained primerily from the
central (mean radius) region of venes set in convergent anmuli. As such,
the design dsta represent turning angles for glven vane cambers for
conditions of radlal displacement and the distance to the measuring
station characteristic of the mean-radius region of this type of vane.
Because of the variation along the vane heilght of radial deflection of
the streemlines and of distance from trailling edge to measuring sta-
tion (fig. 18), however, the design rule will not be entirely repre-
sentative of the flow conditions across elements in the hub and tip
reglons of the vanes luavestigated.

If the design rule is considered to represent correctly the turning
angle gt the mean radius of a vene; for an element of glven camber at a
given radius, the streamline configuration represented by the design-
rule data willl appear as Ilndicated by the parallel dashed lines in fig-
ure 18. PFor locations other than the mean radius, at the measuring
station C-C angle deviations from design-data values will occur because
of differences in: (1) the effective camber across the vane, (2) the
change in angulsr momentum from trailing edge to measuring station,
and (3) the change in average axisl velocity from trailing edge to
measuring station. An aspproximate correction to the design-rule data
was therefore made to teke these differences into account. '

For a given vane section E-E at radius r near the hub (fig. 18),
the design rule predicts the value of turning asngle at approximately
point 4 for streamline flow corresponding to D-D. In terms of
veloclty components, this design-dete turning angle can be expressed
as .

v

0,d

=-—L

tan AR, LA
J

At point b 1n the measuring plane st the same radius, however, a
gomewhat different turning angle will be obtained because of the stream-
line path B-B of the actual flow, where

A
8,b
‘ta.nAﬁbx:—‘-r-z-‘l;
;
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Thus,
v v
z,4 e,b
tan = _’) (__L) tan AB (c1)
o, = (722) (T2 ) on o0,y

From considerations of conservation of angular momentum from the
vane trailing edge to the measuring station, along the design-rule
streamline D-D,

1 1
rq Ve,d = rve,d

and slong the application streamline B-B,

' Vo,p = TVg,p
Thus
(Z) =)
Vo,b \x/ Ve, ' \Ta'/ Vz,p' tan (88')y (c2)
Vo,a (2a \Ve,a  (Z) Vg,a tem BB,
r rb

Inasmuch ae the trailing-edge slant angle and the difference rd'—rb‘
are small, vz,b' can be essumed equal to Vz,d' and by use of the

equivalent design-rule streamline at the mean radius, equation (C2)
can be expressed &s

ve:b _ (Frr)m tan (AB')'b _ (.I-J‘:‘_')m +an (AB')b
Voo (Z) e @Ry (T) TR [0, AGE]
(r')'b r! b

(c3)

where A(AB') 1s the difference in turning angle at &' and b!'.

A difference in the turning angles at rb’ and rd‘ occurs because
of: (1) the difference in the cylindricel-surfece camber of the vane
corresponding to the two trailing-edge radii and (2) the difference in
the effective camber due to the angle of the streamline displacement
across the vane. The difference in turning angle due to the difference
in ¢ylindrical-surface camber is given by

atep) = S5 o = SEP o

which, with the turning-angle slope of the stralght-line rule (refer-
ence 19), becomes
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A(B1)=0.985 $E (g - xy') (c4)

The theoretical correction for change in effective camber was negligible
for the gulde veanes investigated.

Inasmuch as A(AB) 1is generally small compared with AB', an

equivalent expression for the tangentlal-velocity ratio can then be
obtalned, with negligible exrror as far as the tangent ratio is con-

cerned, as
(:r)
!
Vé,b

= z i (cs)
Vo.0 (;g_) Tan [28, + AGET]
b
vhere A(AB) 1is teken as
A(aB) = 0.985 %P r-r'), - (r-r‘)!;] (ce)

The axlal-velocity ratio between points d and b can be
represented by the ratio of the average axisl velocities at the points;
hence, from continuity,

Va,a _ S5
VZ:b B pdAd (e7)

where Ab and Ad are the annulus areas at polnts b and 4, res-

pectively. The annulus-area raetic of equation (CT) can be related to
points along the vane trailing edge where, assumlng small change in
passage taper between measuring station and trailling edge,

Poéy _ Pu'Ap’
pafg  Pa'Ag"
For simplicity, the effect of the density ratic can be replaced approxi-

mately by considering the right member of equation (C8) to be equivalent
to the annulus-ares ratio A '/Ay'. Thus, equation (C7) becomes

(ce)

2 2
V2,4 =_(rt Ty '
Vz,b (rtZ_th)_br

(co)

96T2



2198

NACA RM E51G27 35

After eguations (C5) and (C9) are substituted into equation (C1), the
corrected blade-element turning-angle relation is obtained as

(c10)

tan AB T Im {G an A8y

b (rtz‘rhz)b' (r—r‘)b an [Aﬁd + A(AB)] d

where A(AB) is glven by equation (C6).
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TABLE I - BLADE DESIGN AND ANNULUS DATA

_ :NACA:"
Gulde Type Mean line |Thick- t::rl:“g: Chord |Average {Radlus [Radius|Radius|Aspect |Location |Tnlet
vane ness (In.) [solidity|at tip|at hub|at hub|ratioc |of meas- |Mach
deslgn dlistri- [thickness {in.) [inlet |outlet uring number
bution [ratio (in.) |(in.) station
: (percent (in.)
_ chord) Hub| Tip
A Compressor|Clrcular arc|Constant 3.7 1.2312.00 1.65 7.00 3.64 4.07 2.09 0.25 0.28
B’ Canpregsor|Clrcular arc Consta.nﬂ 3.7 1.23(2.00| 1.65 7.00 ] 3.64 | 4.07 | 2.09 .25 .28
¢l |Campressor|Cireular arci{Constant{ 3.7 2.7913.76| 1.55 |[15.00 (11.48 |11.98 .04 .25 .89
D% |Compressor| 65-series |Variable 10.Q  [1.75|1.75| 1.3 | 6.59 {5.10 | 5.10 | .85 | .92 .60
E |Compressqr| 65-series |Constant 3.1 1.65]|2.18| 1.0 8,00 | 6.00 | 6.00 | 1.04 .30 SQ
F3 |Turbine - - Varisblg 13.8 2.05)2.10| 1.56 [11.70 | 9.00 | 9.00 | 1.30 .20 .0

lDesign data cbtained from Fredric Fladar, Inc.
2Design date chtained from reference 20.
Design date cbtalned from reference 24.
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(b) Radial variation of whirl for accelerating flow.

Turning angle, AR

Radius, r

(e) Radisl varistion of turning angle for accelerating flow.

Figure 4. - Secondary flows in annular cascades with
free~-vortex blading.
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Figure 10. - Partial view of complete superimposed vortex system for induced turning-angle correction
Rad{ally increasing circulatiom. . P .
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